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296. 


ON THE CONICS WHICH PASS THROUGH THE FOUR FOCI 
OF A GIVEN CONIC. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. v. es 
pp. 275—280.] 


THE foci of a conic are the points of intersection of the tangents through the 
circular points at infinity; the pair of tangents through each of the circular points 
at infinity is a conic through the four foci; and we have thus two conics P=0, Q=0 
passing through the four foci; the equation of any other conic through the four foci 
is of course P+AQ=0; and in particular if à be suitably determined this equation 
gives the axes of the conic. 

I was led to develope the solution, in seeking to obtain the elegant formule 
given in Mr P. J. Hensley’s paper “Determination of the foci of the conic section 
expressed by trilinear coordinates,” Journal, t. V., pp. 177—183, (March, 1862). 

I take the coordinates to be proportionate to the perpendicular distances of the 
point from the sides of the fundamental triangle, each distance divided by the perpen- 
dicular distance of the side from the opposite angle. This being so, the equation of 
the line infinity is 

æ+y+z=0, 
and, a, 8, y denoting the sides of the fundamental triangle, the equation of the circle 
circumscribed about the triangle. is 


w y Zz 


ae 


The foregoing two equations determine the circular points at infinity; and if (m, yı, 21) 
are the coordinates, there is no difficulty in obtaining the system of values 

=—4 : (cos +isin0): y(cos B +isin B) 

= a(cosČ — isin C) : -£ : y(cos A +7sin A) 
a(cosB+isinB): (cos A-—isin A) : -y 


ta a Yit 
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where as usual ¢=,/(—1), and where A, B, C denote the angles of the triangle, so 
that the cosines and sines of these angles denote given functions of a, 8, y. The 
coordinates (a, Yz 22) of the other circular point at infinity are of course obtained 
by merely writing —7 for 7. We find also 
la > YY © Z2 2 Ya +H Yı : Lat 2M 2 DY F LA 
=—@- — 8? : -y . B+ a? . PHE- e . a? + 6% — ¥?, 


which are the formula chiefly made use of in the sequel. 


Suppose now that the equation of the conic is 
U= (a, b, c, f, g, h) (æ, y, 2} =0; 
then putting for a moment 
Ui =(a, b, © f, 9, bh), Y ay 
Wi=(a, b, c, J, g, h) (x, y, 2) (My Yr» 2), 


and the like as regards U, and W,; the tangents from the points (%, Yı) 2) and 
(2, Y2, 22) respectively are 


UU, pa W; = 0, 
UU, PN W = 0, 


which are respectively pairs of lines intersecting in the four foci, And it is moreover 
clear that the equation of the axes is \ 


U,W2—- UW? =Q; 


The foregoing equations may be written 


= 


(A, B, C, F, G, H) ya-wnz, 2 - 4a, sy — ayy =0, 
(A, B, C, F, ©, H) (Y2a— Y2, ZE — 22%, Lya — ay)? = 0, 
where (N, B, ©, F, ©, H) are the inverse system of coefficients. 


These may be written 
(a, b,c, E E C E ay =e. 
(a, b, ¢, o E Nia, V y= 0, 
where a, b, c, f, g, h are quadric functions of æ, y, z, viz. 

a= Be + 6y — By, 
b= Gx +e —2Gzz, 
c= Ay + Ba? — Way, 
f = — Ayz — Fa? + Gry + Haz, 
g=— Ber — Gy + Hyz + Fyr, 
h = — Gry -— He + Fee + Gay, 
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and this being so, I combine the two equations as follows: 


G2 (a, ...)(%, Yy AP +a? (a, w+») (£2, Yo, 22)? =0, 


Ys » +Y? =0, 
2,7 a +22 à at 
Yok, (a, +00) (1, Yy AP + Ye (A, ..-) (Le, Yo, 2) =0, 
Za » + 2,2, fo = 0, 
Talo » FEY | ” == (), 


any one of which is the equation of a conic passing through the four foci; the 
current coordinates being always (a, y, 2). 


The first of these equations is 
a (— 2aPa,?) + b (2y? + ayr) + 0( 4,72; + a?) 
+ 2f (LFY + Y2) + 2g (W220, + #2292) + Zh (aPayy, + LLY) = 0, 
where the quantities multiplied by a, b, &c. are all of them easily expressible in 


terms of a, YY 222, Yz HYZ, Zlat 2%, LY2+ay,, which are respectively pro- 
portional to given functions of (a, 8, y); and replacing for a, b, &c. their values, the 


equation is 
- ( Be + Ca? — yz ) 

+ ( Ce + Ay? — 2Gzz) 

+ ( Ay? + Ba? —2Hay) 

+2(—Uyz-Fa? + Gry + Haz). 


2at . 

(a2 be B at, y} A 228? 
(7? + a — B} — 2ra 
a (B+) (B= y) 


+2(— Bex- Oy + Hye + dyz). — e (P +e -— p) 
+2 (— Cry — H2 + Fer +Gzy).-— æ (e +e- y)=O. 
Now putting for shortness 
O =at + Bt + 94 Ry — Qry2a? — 2078?, 
so that —O is equal to sixteen times the square of the area of the fundamental 
triangle, the coefficient of æ? is 


=V (O + 2y) + © (0 + 20°78?) — 26 {-O-@ (P+ y—@)}, 
= (B+ C + 28) O + 2a? {By + CL + F (B+ — a). 
And reducing in a similar manner the other coefficients, the equation is 
O {B+ E + 2) 2 + A(y + 2)? —2(H + G) x (y +2) +20 = 0, 


where for shortness 


which is 


O= £. B+ CE E+E EHP- e) 
+y. Ce +A yO e-e) 
+2. A+B 24+ He +e- yr) 


+ a taen +A (P+ —a)— Hy +e — B)—G A, 

+ 20 .— 208- H (tyt) +B (yf +e—f)—-F (+ By’) 

+ ay.—2Dy7? —-G(B?+y7-—@)-F (P +@—-B)+ Ee +e- y), 
64—2 
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or, what is the same thing, the equation is 


O (A+B +E + 2G + 2G + 2H) a2 - ate Sy Bian HOR SPREE Te Fn one 2 0, 


or putting for shortness 


so that in fact 


the equation is 


THROUGH 


W+B8+ C+ 25+ 26+2H =f, 


%4+H+G 
H+B4+F 
G+§ +E 


P=L+M+NR, 


Eun 


O {Pe — Wa (a+yt+z)+AU(e+y+z2)} +220 = 0. 


The equation with yz, J21 is in a similar manner found to be 
O {Fa?-(€ + G) y?-(B + H) 2 + (A+ 2 + G+ H) yz +(-B-H4+B) 2e+(—-C-— O +F) ay} 
—(P+7—#)8=0, 


or, what is the same thing, 
0 [(%+ B+ C+ 25 + 26 + 2H) yz- [((G@4+ F + © y+ (H+ B4+H) a(et+y4+ 2)+ 8 (wt+yt+z2\] 
—(# +y- eje, 


or, finally, 


I {Pyz— (Ny + Mz) (æ+ y +2z)+F(s +y + 2%} 


Hence the entire system of equations is 


D { 
0 { 
Of 
0 
Dí 
0 { 


P 


2 
& 


g2 


SURTI TE ESN, 


—2la (@+yt+z)4+U(e+y+z)}+ 200 =0, 
—2My (@+y+z2z)+B(a@+y+z)} +280 =0, 
-Nz («t+y+z)+ 6 (@+y44+2)} + 270 =0, 


From the first three of these, we have 


Pye — (Ny + Mz) (+y +z2)+ F æ +y+zf}] -(M+7—-#)0=0, 
Pex — (Le + NRa)(æ+y+z)+O(@+y+zf]j-(P +e- e)e=0, 
Pey- (Me + Ly) (@+yt+2z)+H(et+y+zP}-@+hP—-7)9=0, 


which are the equations of six conics, each of them passing through the four foci. 


© Pe- 28 (+y +2)+A (x+y +z} 


= p (By — My (wy +2) +B 


= $ Re -z (e+y+z)+E (a 


+y+z)} 


+y +2}, 
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which, allowing for the difference of notation, are Mr Hensley’s equations: it appears 
by his investigation that their geometrical signification is as follows; viz. if for 
shortness we denote the equations by 


A=B=(C, 


then if we consider the tangents parallel to the «-side of the fundamental triangle, and 
the tangents parallel to the y-side of the fundamental triangle, the equation A=B is 
the locus of a point such that the feet of the perpendiculars let fall from it on the 
four tangents lie in a circle. And similarly for the equations A=C, B=C. 


If we multiply the six equations by 1, 1, 1, 2, 2, 2 and add, we obtain the 
identical equation 0=0; if we multiply them by a, b, c, 2f, 2g, 2h and add, then 
after some easy reductions, we obtain for the equation of a new conic passing through 
the four foci 

O {PU +K (@+y+zy¥}+ 280 =0, 


where 
U=(4, b, c, f, g, h)(@, y] 2}, 
K is the discriminant abe — af? — bg? — ch? + 2fgh, and 
S= aa? + 06? + o -fE e-get M A), 
or, what is the same thing, 
S=(f+a-h—-g)@+(g-h+b—-f) B+(h-g—ft+o)y. 


It would be interesting to ascertain the geometrical signification of the six conics and 
of the last-mentioned new conic. 


2, Stone Buildings, W.C., March 13th, 1862. 


